Approximating Derivatives

	Begin with the notion that the derivative at a point is the slope of the tangent line of the function at that point.  First consider the big picture.

(1)	The graph of a function ƒ is shown below.  Estimate the derivative of ƒ at each integer shown below.  Then, make a (rough) sketch of ƒ' on the same axes. (Estimate the derivative at other points as necessary to help you create the graph of ƒ'.  The scale below may or may not be appropriate.)
	   x		–1		0		1		2
		ƒ'(x)
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(2)	Calculus..., Ostebee and Zorn, P.52-3 parts.   Let ƒ(x) = x2.  
	(a)	Use zooming to estimate ƒ'(0), ƒ'(1/2), ƒ'(1), ƒ'(2), and ƒ'(3).
(b)	Use your results from (a) to sketch a graph of ƒ' on the interval [–3, 3].  Hint:  Why is ƒ'(–1) = –ƒ'(1)?
	(c)	Use your results from (a) and (b) to guess an algebraic formula for ƒ'(x).


(3)	OZ  P. 53:32.   Let ƒ(x) = lnx.
	(a)	Use zooming to estimate ƒ'(1/10), ƒ'(1/5), ƒ'(1/2), ƒ'(1), ƒ'(2), and ƒ'(5).
	(b)	Use your results from (a) to sketch a graph of ƒ’ over the interval [0, 5].
	(c)	Use your results to guess a formula for ƒ'(x).

[bookmark: _GoBack](4)	Consider the derivative of ƒ(x) = x3 + 1 at the point (1, 2).
	Find the slope of the secant line over each of the given intervals to complete the following table.  (Have different groups of students each do an interval.)

	
	interval	  slope
[0, 2]
[.5, 1.5]
[.8, 1.2]
[.9, 1.1]
[.99, 1.01]
	(a)	So, what’s the pattern?

(b)	What’s your guess for the exact derivative at 
	(1, 2)?  How confident are you?

(c)	Is there an interval sufficiently small so that your estimate will in fact be exact?




	Note that this is the symmetric derivative approximation   for various values of h.



(5)	The TI calculators use the symmetric derivative (above) to approximate derivatives with their nDeriv command.  Why is this usually better than using   to estimate a derivative?


(6)	Note what happens when you use nDeriv to approximate the derivative of ƒ(x) = | x | at x = 0.  Why?  Then consider g(x) = | x2 – 4 |.  What does nDeriv give at x = 2?  Why isn’t it the same as the derivative of ƒ at x = 0?



(7)	Let   . 		 [Enter this into your TI-82/83/84 by writing
							Y1 = (x2 – 2)(x  1) + (3x – 4)(x > 1)  ].
	Is ƒ continuous at x = 1?  
	Is it differentiable at x = 1?  (Zoom in repeatedly.  Also, use nDeriv to sketch the derivative function.  Dot mode may be helpful.)

(8)	Calculus, Hughes-Hallet, Gleason, et al  (5th edition) P. 96: 15  If t is the number of years since 2003, the population, P,  of China, in billions, can be approximated by the function 
P = ƒ(t) = 1.291(1.006)t .  Estimate ƒ(6) and ƒ'(6), giving units. What do these two numbers tell you about the population of China?		  (Estimate without differentiating.)





(9)	Calculus, Stewart.  P. 150: 22  The population P (in thousands) of the city of San Jose, California, from 1984 to 1994 is given in the table.

			Year	1984	1986	1988	1990	1992	1994
			  P	695	716	733	782	800	817

	(a)	Find the average rate of growth (i) from 1986 to 1992      (ii)  from 1988 to 1992   (iii)  from 1990 to 1992        (iv)  from 1992 to 1994       In each case, include units.
	(b)	Estimate the instantaneous rate of growth in 1992 by taking the average of two average rates of change.  What are the units?
	(c)	Estimate the instantaneous rate of growth in 1992 by measuring the slope of a tangent.





(10)	Calculus, Stewart P.157:30   Life expectancy has improved dramatically in this century.  The table gives values of E(t), the life expectancy at birth (in years) of a male born in the year t in the United States.  Interpret and estimate the values of E'(1910) and E'(1950).

	t	1900	1910	1920	1930	1940	1950	1960	1970	1980	1990
	E(t)	48.3	51.1	55.2	57.4	62.5	65.6	66.6	67.1	70.0	71.8


	


Derivatives on the TI - 82/83

(1)	Consider ƒ(x) = ln x.  Sketch ƒ and a rough graph of ƒ’ by hand.

(2)	Sketch the graph of ƒ with the calculator. The window [0, 4] x [-3, 3] is reasonable.  
	Trace to one of the x-values below.  Use [2nd] Calc and choose dy/dx.  Press Enter.  Repeat this to fill in the table below.

	
	  x
	1/2
	1
	2
	3

	
	ƒ(x)
	
	
	
	



	Guess:  ƒ’(x) = 1/x


(3)	Back to the graph of ƒ...  Trace along to some point.  Under the Draw menu, choose Tangent.  
	The tangent line will be drawn.  The 82 gives dy/dx at this point, while the 83 gives the equation of the tangent line.


(4)	From the Home screen, choose Math - 8, nDeriv.  Enter the following so you have:
		nDeriv(lnX, X, 3)        and press Enter.

The general form for this is:
		nDeriv(ƒ(X), X, a)      which will approximate ƒ’(a)

You can repeat this easily by using [2nd] Entry and simply editing a.


(5)	To graph a function and its derivative:  Enter the function under Y1.   As a suggestion, use Y5 for the derivative.  Enter:  Y5 = nDeriv(Y1, X, X).   The choice of Y5 is of course arbitrary.  If it is in this position, it is out of the way, yet visible.  It may easily be left in the calculator and simply turned on or off when desired by pressing Enter over the “=“ sign.


(6)	After viewing the function and its derivative, use the Table to look at numerical values of each.


Derivatives on the TI-89

Numerically:

	F3  A: nDeriv(    (or this is also in the catalog.)

	This calculates the symmetric derivative  .  Note that the syntax is not the same as it is for the TI-82/83.  Here, enter  
				nDeriv(function, variable, h).  
(Note that h is optional.  The default is h = .001.)

If used in this format, the result will be a function of x.  Very often, one wants to include a specific value of x = a.  To do this, begin as before, but continue with “such that x = a.”
				nDeriv(function, variable, h) | x = a
where the specific value for a is given.


Graphically:

	Enter the function into y1(x).  In y2, enter either  (a)  nDeriv(y1(x), x, .01) or another similar value for h  or (b) d(y1(x), x)
	Both approaches will handle points of non-differentiability in some manner.


Symbolically:  

	Here, we use  d(function, variable).
There are three ways to obtain the special “d” for differentiate.  First, F3  1: d( .  Secondly, the d is above the 8, using the second button.  Thirdly, check out the catalog.


Tangent Lines
Ruth Dover		Illinois Mathematics & Science Academy	dover@imsa.edu

	Animations can be wonderfully useful for student learning.  As one of my students Lindley once wrote, "An animation allows a student to view the patterns in motion that a book can only put in words.  Samples of single graphs demonstrate a static point within a pattern, yet an animation shows the movement from one point to another."  Pretty powerful, I'd say.
	At this point, one can do computer animations on any of a variety of software programs.  Find one!  Below are some notes for doing an animation for tangent lines with questions for using it as a class exploration.  The expectation is that you can animate the tangent line at x = a, allowing a vary.  
	Before starting, it is assumed that students have a basic understanding of even and odd functions and symmetry.  It is helpful if they have a bit of vocabulary such as maximum and minimum points and concavity, though this is not necessary.  Students should also know that the derivative at x = a is the slope of the tangent line at x = a.  Teachers may wish to have students do a little work with approximating the slope and/or drawing tangent lines before seeing this, or they may prefer to use this demonstration as the first opportunity for students to estimate the slopes of the tangent lines.
	In Graphing Calculator, I've used  the function ƒ(x) = 0.2(x3 - 6x).  The 0.2 is convenient for the scale, and it will not influence the work done.  Enter:
y = 0.2(x3 – 6x) 
y = 0.2(3n2 – 6)(x – n) + 0.2(n3 – 6n)	
This will give the graph of the function and the graph of the tangent line at x = n in the form 
ƒ'(n)(x – n) + ƒ(n).  Click on the "n" to set the slider.  Use n = –3 to 3 with 60 steps, though it may be appropriate to vary the number of steps depending on the computer used.  Cover the equation bar during this exploration.
	It is suggested that you have students watch the tangent line go through the entire cycle a couple of times.  Then stop it.  Direct students to sketch a graph of the function.  Then have students collectively estimate the slope of the tangent line at x = –3.  Tell them to plot the value of the slope for the given x.  Move the tangent line a small amount and obtain a new estimate.  Continue this process so that students may generate a graph of the derivative.  Connect the dots.
	After constructing the derivative, discuss some or all of the following questions.  Many of these won't have clear answers at this point, but they will lead to future discussions.
•	What is the symmetry of ƒ?  of ƒ'?
•	If ƒ is a cubic, what do you think ƒ' is?
•	What happens to the function when the slope of the tangent line is positive?  negative?
•	What happens when ƒ'(x) = 0?  Will this always happen?
•	For x < 0, where is the tangent line relative to the graph of ƒ?  For x > 0?
•	What may be said about the function for each of these sections? (concavity)
•	What happens to the tangent line at x = 0?

For Mathematica v6, the following coding may be used:
f[x_]:= x3 - 6x;  Manipulate[Plot[{f[x], f'[a](x - a) + f[a]}, {x, -3.2, 3.2}, PlotRange -> 7, 
PlotStyle -> Thick], {a, -3, 3}]

R. Dover, IMSA, p.3
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